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Bayesian Dynamic Tensor Regression 1. Introduction

Motivation

Availability of data:

(i) increasing size ⇒ high dimensionality

(ii) multiple data sources ⇒ multiple “layers” (e.g., cross section, time, space, ...)

⇒ gathered or meaningfully rearranged into multidimensional arrays (tensors).

Example 1.

Tensor-valued data:

• multi-country panel: m variables, n countries, t times → 3-order tensor (e.g., Hoff

(2015), Canova and Ciccarelli (2004)).

• temporal networks: relations between n subjects, observed t times→ 3-order tensor

(e.g., financial networks Billio et al. (2012)).

• medical data: sequence of n ×m brain images → 3-order tensor (e.g., Zhou et al.

(2013), Li and Zhang (2017)).

• multi-layer networks: relations between n subjects, d attributes, observed t times

→ 4-order tensor (e.g., social networks Hoff et al. (2002))
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Bayesian Dynamic Tensor Regression 1. Introduction

Motivation: COMTRADE & BIS Multi-Layer Networks

Layer/Time (2004) (2016)
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Bayesian Dynamic Tensor Regression 1. Introduction

Motivation: COMTRADE & BIS Multi-Layer Networks

(2004) (2005) (2006) (2007) (2008) (2009) (2010)
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Figure: International trade and financial temporal networks. Nodes: countries. Edges: flows.
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Bayesian Dynamic Tensor Regression 1. Introduction

Questions and Aims

Research questions:

Q: how to model a time series of tensor-valued data?

Q: many variables, few relevant ⇒ how to account for sparsity?

Q: possible to exploit information from the structure of the data?

Goals:

G: provide a dynamic model for tensor-valued data

G: explore dynamics of (shock propagation) on tensors

Our contribution:

C: use tensors algebra (spaces, operations and representations)

C: use global-local hierarchical prior distributions (information sharing, sparsity)

C: extend to tensor models the impulse response analysis
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Bayesian Dynamic Tensor Regression 1. Introduction

Tensors

Definition 1 (Tensor).

A real valued order-D tensor is an array X ∈ Rd1×...×dD .

3 Tensor algebra generalizes matrix algebra to multiple dimensions
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Bayesian Dynamic Tensor Regression 1. Introduction

Tensors Operations

Definition 2 (mode-n product).

Let X ∈ Rd1×...×dD be a order-D tensor, A ∈ RJ×dn and v ∈ Rdn . The mode−n
product ×n is defined as follows:

(X ×n A)i1,...,in−1,j ,in+1,...,iD
:=

dn∑
in=1

xi1,...,in,...,iDaj ,in

(X ×n v)i1,...,in−1,in+1,...,iD
:=

dn∑
in=1

xi1,...,in,...,iDvin

Idea: compute the inner product of each mode-n fiber with the matrix/vector.

Effect: change n-th dimension of the tensor or reduces its order by one.

• Some operations performed in usual way: scalar product, vectorization,
Hadamard, ...

• See also Kolda and Bader (2009), Cichocki et al. (2016).
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Bayesian Dynamic Tensor Regression 1. Introduction

Tensors Representations

Powerful tool: several tensor representations/decompositions available (Tucker,
PARAFAC, . . . )

Definition 3 (PARAFAC decomposition).

Let G ∈ Rd1×...×dD and let R ∈ R be the rank of G. It holds:

G =
R∑

r=1

γ
(r)
1 ◦ . . . ◦ γ

(r)
D γ

(r)
j ∈ Rdj . (1)

++

Remark: R fixed ⇒ model selection problem.
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Bayesian Dynamic Tensor Regression 2. Model

A Tensor Model

Tensor Regression

For each entry of the response tensor:

yi,t = β′i vec(Xt) + εi,t , (2)

where i := (i1, . . . , iD). Compactly:

Yt = B×D+1 vec(Xt) + Et

Et ∼ NI1,...,ID (0,Σ1, . . . ,ΣD)
(3)

• Yt ,Xt : response and regressor tensors, with possibly different order and/or size

• B: coefficient tensor, size I1 × . . .× ID × (
∏

j Jj)

• Et noise, with tensor Normal distribution (see Ohlson et al. (2013))

• straightforward inclusion of other regressors: scalars, vectors, matrices, ...
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Bayesian Dynamic Tensor Regression 2. Model

Existing Special Cases

Univariate regression

If di = 1 ∀i ∈ [1, . . . ,D] then model (3) reduces to:

yt = β′ vec(Xt) + εt , εt ∼ N (0, σ2) (4)

Multivariate regression

If di = 1 ∀ i = 2, . . . ,D then model (3) reduces to:

yt = B×2 vec(Xt) + εt , εt ∼ NI1(0,Σ) (5)

Sub-cases:

• SUR, when Wt = 0, Xt = (Inm ⊗ X ) with X = [X1, . . . ,Xn], Xi ∈ Rm×ki ,
yt = y ∈ Rnm

• VARX(1), when Wt = 0, Xt = yt−1

• Panel VAR(1), when Wt = 0, yt = [y1t , y2t ] and xt = g(yt−1)
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Bayesian Dynamic Tensor Regression 2. Model

New Special Cases

Matrix (dynamic) regression model

Consider a particular case of model (3):

Yt = B ×3 vec(Yt) + Et

Et ∼ NI ,I (0,Σ1,Σ2)
(6)

where Yt ∈ RI×I and B ∈ RI×I×I 2
.

Use of matrix variate models/distributions:

• state space time series models Harrison and West (1999)

• Gaussian graphical models Carvalho et al. (2007)

• dynamic linear models Carvalho and West (2007), Wang and West (2009)

• longitudinal data classification and modelling Viroli (2011), Viroli and Anderlucci
(2013)

• matrix regression Viroli (2012), Ding and Cook (2016)
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Bayesian Dynamic Tensor Regression 2. Model

Proposed Parametrization

Idea

Each entry of covariate Yt depends linearly on every entry of the regressor Xt .

⇒ use tensor B and mode-d product

Unrestricted model: estimation infeasible.

⇓
PARAFAC decomposition for B

B =
R∑

r=1

β
(r)
1 ◦ . . . ◦ β

(r)
D

⇓
Restricted model: estimation feasible 0 1 2 3 4 5 6 7 8 9 10

0

2000

4000

6000

8000

10000

12000

Unrestricted
PARAFAC(10)
PARAFAC(5)

Figure: parameter reduction.
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Bayesian Dynamic Tensor Regression 2. Model

Parametrization Issues

Q: Identification of PARAFAC marginals?

(i) scale invariance

λ1rβ
(r)
1 ◦ . . . ◦ λDrβ

(r)
D = β

(r)
j ◦ β

(r)
i , ∀ λjr :

∏
j

λjr = 1

(ii) permutation invariance

β
π(r)
1 ◦ . . . ◦ βπ(r)

D = β
(r)
1 ◦ . . . ◦ β

(r)
D , ∀ permutation π(·)

(iii) (if D = 2) invariance up to multiplication by orthonormal vectors(
β

(r)
j c′

)
◦
(
β

(r)
i c′

)
= β

(r)
j ◦ β

(r)
i , ∀ c ∈ Rdk : c′c = 1

Answer ⇒ interested in B, always identified not in its marginals β
(r)
j
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Bayesian Dynamic Tensor Regression 3. Estimation

Prior Specification

Idea

Only a fraction of the regressors have significant effect ⇒ sparse coefficient

Bayesian approach + PARAFAC
⇓

choice of shrinkage priors on tensor marginals
⇓

induced sparsity on the tensor of coefficients B.

Remark 1.

PARAFAC tensor decomposition allows to change the choice of prior distribution:

(rigid) prior on tensor B ⇒ (flexible) prior on vectors β
(r)
d
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Bayesian Dynamic Tensor Regression 3. Estimation

Prior Specification

α λd ,r

aλ bλ

Wd ,rφr

bτaτ

τ

β
(r)
d

Dir
Ga

Ga

Exp

N

Figure: DAG of hierarchical global-local shrinkage prior.
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Bayesian Dynamic Tensor Regression 3. Estimation

Prior Specification

Hierarchical global-local shrinkage prior for tensor margins:

π(β
(r)
d |τ, φr ,Wd ,r ) ∼ NId (0, τ︸︷︷︸

global

φr︸︷︷︸
comp

Wd ,r︸︷︷︸
local

) ∀ d , r

π(τ) ∼ Ga(aτ , bτ ), π(φ) ∼ Dir(α), global and component parts

π(λd ,r ) ∼ Ga(aλ, bλ), π(wd ,r ,k |λd ,r ) ∼ Exp(λ2
d ,r/2), local part

π(γ) ∼ Ga(aγ , bγ), π(Σd |γ) ∼ IW Id (νd , γΨd), noise covariances
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Bayesian Dynamic Tensor Regression 3. Estimation

Prior Specification Issues

Prior on β
(r)
d

• joint prior on Bijk is not Normal ⇒ heavier tails; distribution

• computationally faster than alternatives (SSVS, spike-and-slab,...)

• identification issue for marginals β
(r)
d : scaling, permutation, multiplication by or-

thogonal matrix ⇒ tensor B identified

Prior on Σd

• conditional prior dependence (via γ) helps avoiding scale un-identification (Hoff

(2011))
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Bayesian Dynamic Tensor Regression 3. Estimation

Posterior Computation

Gibbs sampler in three main steps:
Step 1. sample global and component variance parameters from

p(φ, τ |B,W) = p(φ|B,W)p(τ |φ,B,W)

• collapsed Gibbs: p(ψr |B,W) ∼ GiG(α− d0/2, 2bτ , 2Cr )
then φr = ψr/

∑
l ψl ∀ r

• p(τ |φ,B,W) ∼ GiG(aτ − Rd0/2, 2bτ , 2
∑

r Dr )

Step 2. sample tensor marginals and local variance parameters from

p
(
{β(r)

d ,wd ,r , λd ,r}d ,r |φ, τ,Y,Σ1,Σ2,Σ3,Σ4

)
• p(λd ,r |φr , τ,β

(r)
d ) ∼ Ga

(
aλ + Id , bλ +

∥∥∥β(r)
d

∥∥∥
1
/
√
τφr

)
• p(wd ,r ,k |λd ,r , φr , τ,β

(r)
d ) ∼ GiG

(
1
2 , λ

2
d ,r , β

(r)2

d ,k /(τφr )
)
∀ k ∈ [1, Id ]

• p(β
(r)
j |β

(r)
−j ,B−r ,φ, τ,Y,Σ1,Σ2,Σ3,Σ4) ∼ NIj (µβj

,Σβj
)
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Bayesian Dynamic Tensor Regression 3. Estimation

Posterior Computation

Step 3. sample noise covariance matrices from

p(Σ1,Σ2,Σ3,Σ4, γ|B,Y) = p(γ|Σ1,Σ2,Σ3,Σ4)
4∏

d=1

p(Σd |γ,Σ−d ,B,Y)

• p(γ|−) ∼ Ga(aγ + (
∑4

d=1 νd + TId)/2, bγ + tr(
∑4

d=1 ΨdΣ−1
d )/2)

• p(Σd |γ,Σ−d ,B,Y) ∼ IW Id (νd + TId , γΨd + Sd)

Remark 2 ( Init ).

I Hamiltonian Monte Carlo steps (Neal (2011)) for improving mixing

I simple to add vector, matrix, tensor covariates
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Bayesian Dynamic Tensor Regression 4. Simulations

Simulation

Model: matrix regression in eq. (6)

• Yt ,Xt ∈ Rk×k square matrices

• B ∈ Rk×k×k2
3-order coefficient tensor

• main parameters:

T = 60 xij ,t ∼ AR(1) not stationary

R = 5 β
(r)
d

iid∼ NId (µd ,Ωd ,r )

Settings:

size Yt ,Xt size B # parameters

10× 10 10× 10× 100 15 · 120

20× 20 20× 20× 400 15 · 440

30× 30 30× 30× 900 15 · 960

40× 40 40× 40× 1600 15 · 1680

50× 50 50× 50× 2500 15 · 2600
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Bayesian Dynamic Tensor Regression 4. Simulations

Simulation results
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Figure: Log-absolute value of coefficient tensors: true B (left) and estimated B̂ (right).
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Bayesian Dynamic Tensor Regression 5. Application

Application I - COMTRADE data
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Figure: Trade network from 1998 (top left) to 2016 (bottom right). Nodes are countries, red and blue

edges stand for exports and imports between two countries. Edge thickness represents flow magnitude.
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Bayesian Dynamic Tensor Regression 5. Application

Application I - Coefficient tensor
Matrix autoregressive model

Yt = B ×3 vec(Yt−1) + Et , Et ∼ N10,10(0,Σ1,Σ2) (7)

I mode-3 matricized tensor:

mat3(B)′ = B′(3) =
[
vec(B::1), vec(B::2), . . . , vec(B::100)

]
∈ (102 × 100)

I entry (i , j) of B′(3): impact of edge j [t − 1] → i [t]

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0 10 20 30 40 50 60 70 80 90 100

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

Figure: Left: B̂′(3). Right: log-modulus of the eigenvalues of B̂(3), decreasing order.
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Bayesian Dynamic Tensor Regression 5. Application

Application I - Noise covariances

2 4 6 8 10

1

2

3

4

5

6

7

8

9

10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1000 2000 3000 4000 5000 6000 7000 8000

1.5

2

2.5

3

3.5

4

4.5

-0.2

0

0.2

0.4

0.6

0.8

1

0 10 20 30 40 50

2 4 6 8 10

1

2

3

4

5

6

7

8

9

10
-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

1000 2000 3000 4000 5000 6000 7000 8000

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

-0.2

0

0.2

0.4

0.6

0.8

1

0 10 20 30 40 50

Figure: Estimated covariance matrix of the noise term (first), MCMC output (second) and

autocorrelation functions (third) of the Frobenious norm of the covariance matrix of the noise

term. First row : Σ1, second row : Σ2.
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Bayesian Dynamic Tensor Regression 5. Application

Impulse Response in Dynamic Tensor Models

Definition 4 (Impulse response function (IRF)).

Let Ẽ be a tensor of shocks and vecr(·) the reverse vectorization operator.

The tensor-valued impulse response function (IRF) at horizon h ≥ 1 is:

Ỹh = vecr([B′(D+1)]h · vec(Ẽ)) . (8)

The IRF for network data allows for:
• temporal + cross-sectional shock propagation analysis

• shock on single/multiple flows (edges) or countries (nodes);

• individual flow level analysis of shock propagation;
• analysis of role of network topology in shock propagation;
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Bayesian Dynamic Tensor Regression 5. Application

Interpreting IRF for tensor

Orthogonalised IRF requires orthogonal shocks:

IRFh = E[Yt+h|Ẽij ,t = δij , Ẽ−ij ,t = 0,Ft−1]− E[Yt+h|Ẽt = 0,Ft−1] (9)

• covariance restrictions for avoiding/mitigating compositional effect (due to con-

temporaneous correlations)

• Cholesky ⇒ not invariant to ordering of variables; not unique

Generalised IRF (Koop et al. (1996), Pesaran and Shin (1998)):

GIRFh = E[Yt+h|Ẽij ,t = δij ,Ft−1]− E[Yt+h|Ft−1] (10)

• unique and invariant to ordering of variables

• no covariance restrictions: when one variable is shocked, other variables also vary,

then average by integrating out all other shocks

• not distinguish causes of a change in E[Yt+h|Ft−1]
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Bayesian Dynamic Tensor Regression 5. Application

Impulse Response Analysis

Definition 2 (Block-orthogonalized IRF for tensor models).

Denote Σ the covariance matrix of the vectorised Tensor autoregressive model. We

propose to use the impulse response function resulting from the transformation

vec(Yt) =
∞∑
i=0

Φiεt−i =
∞∑
i=0

(ΦiL)(L−1εt−i ) εt ∼ N (0,Σ)

=
∞∑
i=0

(ΦhL)ηt−i ηt ∼ N (0,D) (11)

where

D = L−1 ·Σ · (L′)−1 =

[
A 0

0 S

]
, Φ0 = I , Φi = B′(4)Φi−1. (12)
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Bayesian Dynamic Tensor Regression 5. Application

Application I - Impulse response for nodes

Unitary shock to DE (Export and Import)
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Figure: Positive effects in red, negative effects in blue.
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Bayesian Dynamic Tensor Regression 5. Application

Application II: COMTRADE & BIS Multi-Layer Networks
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Figure: International trade and financial networks. Nodes: countries. Edges: flows.
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Application II - COMTRADE + BIS

Tensor autoregressive model

Yt = B ×4 vec(Yt−1) + Et

Et ∼ N10,10,2(0,Σ1,Σ2,Σ3)
(13)

I mode-3 : 4 matricized tensor:

mat3:4(B)′ = B′(3:4) =
[
vec(B::1,1), . . . , vec(B::1,200), vec(B::2,1), . . . , vec(B::2,200)

]
I entry (i , j) of B′(3:4): impact of edge j [t − 1] → i [t]
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Figure: Left: B̂′(3:4). Right: log-modulus of the eigenvalues of B̂(3:4), decreasing order.
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Impulse Response: US import

Shock to US imports: -1%
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Impulse Response: UK financial flows

Shock to GB capital inflows: -1%
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Impulse Response: UK financial flows

Shock to GB capital inflows: -1% and to outflows +1%
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Conclusions

Proposal: linear, dynamic tensor regression model

I generalises linear regression models to multi-dimensional regression
I PARAFAC tensor decomposition for parsimony
I hierarchical global-local shrinkage prior for sparse coefficients
I good performance against synthetic data up to 50× 50

v application to COMTRADE network (matrix AR(1) model):
3 impact of trade links is heterogeneous and sparse
3 heterogeneous magnitude and persistence of shock propagation
3 role of network topology in shock propagation

v application to COMTRADE+BIS networks (tensor AR(1) model):
3 impact of trade and financial links are heterogeneous and sparse
3 financial shock propagation has higher magnitude
3 between layer propagation
3 meaningful country-specific IRF results
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Comments

Thank you!

Suggestions/comments are welcome!
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Prior for entry of tensor B back

The joint distribution of PARAFAC marginal entries is
∏3

h=1 π(β
(r)
h,i |τ, φr ,wh,r ). Intuition: to obtain the

distribution of tensor entry bijk apply:

Theorem 3 (4 in Springer and Thompson (1970)).

The probability density function of the product z =
∏J

j=1 xj of J independent Normal random

variables xj ∼ N (0, σ2
j ), j = 1, . . . , J, is a Meijer G-function multiplied by a normalising constant H:

p(z |0, {σ2
j }Jj=1) = H · G J,0

J,0

(
z2 ·

J∏
j=1

1

2σj

∣∣∣0) , (14)

where

H = (2π)−J/2 ·
J∏

j=1

σ−1
j (15)

and Gm,n
p,q (·|·) is a Meijer G-function (c ∈ R, s ∈ C, integral along vertical line in the complex plane):

Gm,n
p,q

(
z
∣∣∣a1, . . . , ap

b1, . . . , bq

)
=

1

2πi

∫ c+i∞

c−i∞
z−s

∏m
j=1 Γ(s + bj) ·

∏n
j=1 Γ(1− aj − s)∏p

j=n+1 Γ(s + aj) ·
∏q

j=m+1 Γ(1− bj − s)
ds . (16)
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Prior for entry of tensor B

Marginal prior distribution of generic tensor entry:

π(bijk) =

∫
π(bijk |τ,φ,W)π(τ)π(φ)π(W) dτ dφ dW , (17)

where, denoting βr = β
(r)
1,i · β

(r)
2,j · β

(r)
3,k :

π(bijk |τ,φ,W) = p

(
R∑

r=1

Hr · G 3,0
3,0

(
β2
r ·

3∏
h=1

1

2τφr
W−1

h,r

∣∣∣0))

with:

G 3,0
3,0

(
β2
r ·

3∏
h=1

1

2τφr
W−1

h,r

∣∣∣0) =
1

2πi

∫ c+i∞

c−i∞

( β2
r

(2τφr )3

3∏
h=1

W−1
h,r

)−s

ds (18)

Hr = (2π)−2 · (τφr )
−3

3∏
j=1

W−1
h,r (19)
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Prior for entry of tensor B

Figure: Simulated distribution of two entries of tensor (std Normal marginals) vs

Normal with same mean and variance vs std Normal, for R = 5.
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Prior for entry of tensor B back

Figure: Simulated distribution (tail) of two entries of tensor (std Normal

marginals) vs Normal with same mean and variance vs std Normal, for R = 5.
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Prior for entry of tensor B

Figure: Simulated distribution of two entries of tensor (std Normal marginals) vs

Normal with same mean and variance vs std Normal, for R = 10.
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Prior for entry of tensor B back

Figure: Simulated distribution (tail) of two entries of tensor (std Normal

marginals) vs Normal with same mean and variance vs std Normal, for R = 10.
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Initialisation of Gibbs sampler

Gibbs sampler sensitive to initial value of some key parameters:

I tensor PARAFAC marginals {β(r)
j }j ,r initialised via Simulated Annealing;

Intuition: find the set of marginals generating a sufficiently sparse tensor, while
allowing deviations from zero.

I other parameters initialised from prior distribution;
Intuition: sampler not very sensitive to their starting value.
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Initialisation marginals β
(r)
j - back

Intuition: find the set of marginals generating a tensor with many entries close to
zero, others far zero. Use Simulated Annealing for minimising the objective function:

f (B̃(n)) = ψ0

∥∥∥B̃(n)
∥∥∥

2
+ ψ3

R∑
r=1

∥∥∥∥β̃(r),(n)
3

∥∥∥∥
2

. (20)

Penalties:
• ψ0 > 0 → tensor quadratic norm;
• ψ3 > 0 → quadratic norm 3-order marginals.

Cooling schedule, with fixed q > 0:

C (n) =
q

1 + log(n)
n = 1, . . . ,NSA . (21)
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